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Trajectory Optimization for a Missile Using a Multitier Approach

Craig A. Phillips¤ and June C. Drake†

U.S. Naval Surface Warfare Center, Dahlgren, Virginia 22448

A two-tier approach to the midcourse trajectory design for a surface-to-air missile to maximize the probability
of hit is presented. The � rst tier represents the midcourse trajectory of the missile, and the second tier represents
the terminal homing phase. The � rst-tier trajectory is optimized with an auxiliary constraint on the value of the
approach angle to the intercept at handover to the terminal phase. The handover approach angle is used as the
governing parameter in generating a � eld of optimum � rst-tier midcourse trajectories. The second-tier model
estimates the probability of hit including a full suite of stochastic error sources on the seeker and missile. The
optimal approach angle and midcourse trajectory are demonstrated to be dependent on the terminal homing noise
contributors and the target maneuver.

Nomenclature
Ae = exit plane area of the second stage motor, ft2

abo = burnout acceleration compensation term in
terminal guidance, ft/s2

ac = commanded missile external speci� c force normal
to the body, ft/s2

a norm1,2 = scaling factor for constraints
aT = target acceleration, ft/s2

ax B , az B = missile external speci� c forces along body frame
axes, ft/s2

azW = missile external speci� c forces along the z wind
axis, ft/s2

C A = axial force coef� cient
CD0 = zero-angle-of-attackdrag coef� cient at sea level
CL = lift coef� cient
CLmax = maximum lift coef� cient for the airframe
D = missile drag force, lb
E = missile speci� c energy (relative to launch inertial

frame), ft
E I = missile speci� c energy (relative to launch inertial

frame) at end of � rst stage, ft
gi = � rst-tier constraint vector element
gxW , gzW = local gravity acceleration along wind system

axes, ft/s2

g0 = reference gravitational acceleration, 32.2 ft/s2

h loc = local missile altitude above the Earth, ft
K = drag due to lift factor
Kg = guidance gain
m = missile mass, slug
p, psl = atmospheric pressure at altitude and at sea level,

lb/ft2

q = dynamic pressure, lb/ft2

qmin = minimum dynamic pressure during the midcourse
� ight, lb/ft2

Re = Earth radius, 20,926,218 ft
Rmt = range from missile to target, ft
Rmt = relative position vector of missile to target, ft
RST = range from � re control platform to target, ft
rbes = boresight error slope
Sref = aerodynamic reference area, ft2

T , Tsl = missile thrust force and thrust at sea level, lb
Tman = time of target maneuver relative to missile

handover time, s
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t = � ight time, s
V = missile velocity, ft/s
Vmt = relative velocity vector of missile and target, ft/s
x , z = missile position in launch inertial frame

coordinates, ft
xPIP, zPIP = predicted intercept point (PIP) in launch inertial

frame coordinates, ft
xT , zT = target position in launch inertial frame coordinates, ft
a = angle of attack, rad
a max = maximum angle of attack, rad
a N = noise � lter gain
b = semiactive bistatic angle, rad
c = angle between missile velocity vector and the

launch inertial frame x axis, rad
Çc = � ight-path angle rate relative to launch inertial

frame, rad/s
˜Çc = � ight-path angle rate relative to launch inertial

frame for constant cruise altitude, rad/s
Çc com = commanded missile � ight-path angle rate relative

to launch inertial frame x axis, rad
D CDA = drag coef� cient delta due to angle of attack
D CDB = base drag coef� cient delta due to motor operation
D CDh = drag coef� cient delta due to altitude
D CL = violation of maximum CL constraint
d t = missile guidance update period, s
e meas = measured target boresight angle, rad
g bs = boresight error angle induced by radome boresight

error slope, rad
g glt = boresight error angle induced by glint, rad
g rd = boresight error angle induced by range-dependent

receiver noise, rad
g c = uncontrolledvariation on the heading error at

handover due to noise, rad
h f = (approach angle) angle from inertial launch x axis

to line of sight from missile to the PIP at handover,
rad

h M = angle of missile body frame x axis relative to the
launch inertial x axis, rad

h S = angle of missile seeker boresight relative to the
launch inertial x axis, rad

h T = angle of line of sight from the missile to the target
relative to the launch inertial x axis, rad

K = bistatic radar cross section factor
k = seeker gimbal angle, rad
ˆÇn = � ltered measured seeker head rates, rad/s
r he = standard deviation of midcourse noise induced

heading error at handover, rad
r rd = standard deviation of range-dependentangular

noise, rad
s A = autopilot/airframe time constant, s
s N = noise � lter time constant, s
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s s = seeker time constant, s
u = angle between line of sight from missile to target

and the target centerline, rad

Subscripts

ho = values at handover
I = values at end of � rst stage

Introduction

A MISSILE may have severalguidancephasesduring itsmission
associatedwith the operation of different sensors. The sensors

may be located on the missile or on a � re control platform. The
guidance for each of these phases needs to be carefully designed
in terms of contributing to the overall mission success. Each phase
should place the missile at a set of states that allow the subsequent
guidance phase to maximize the overall mission performance.

The midcourseguidancedesignof a two-stage surface-to-airmis-
sile with a command midcourse phase that transitions to a terminal
semiactive radio frequency(rf) seeker guidancephase is considered
in this paper. Figure 1 shows the sequential nature of the two guid-
ance phases. The mission pro� le includes a � rst stage that operates
in an open-loop manner to � y the missile from a vertical launch
to a selected � ight-path angle relative to the launch inertial frame.
The midcourse phase represents the majority of the � yout. During
the midcourse phase, the target track is provided by a surface-based
radar located on a � re control platform. The measured target states
are then broadcast to the interceptorvia a communication link. Us-
ing the measured interceptor and target states, the missile generates
guidance commands. Because of the ranges involved from the � re
control radar to the target, relatively large targeting errors will be
encountered.

To reduce the targetingerrors as the missile approachesintercept,
a semiactiverf seekeris carriedonboardthemissile.Althoughsucha
system has lower angular accuracy than a large surface-basedradar,
the shorter range from the missile to the target as the missile nears
the intercept will decrease the � nal targeting errors. At the range to
go to the intercept at which the missile-borneseeker provides lower
targeting noise than the surface-based radar, the missile guidance
handoversfrommidcourseto terminalguidance.During the terminal
guidance, the semiactive rf seeker provides the target track. The
elementsof this command midcourse to semiactive rf seeker system
are shown in Fig. 2.

The handover from one targeting process to another provides
a convenient place to break the guidance design. For long-range
intercepts, the midcourse phase is concernedwith an ef� cient � ight
that satis� es the desired handover condition. Because the terminal
guidance phase is relatively short, energy management is not of
concern,and a guidance law such as proportionalnavigationis used.

A tiered approach to the design of the midcourse guidance is in-
troduced in this paper to determine the set of handover states that
optimize the overall performance.The performanceof the intercept
is measured by the probabilityof hit that is de� ned as the probability
of passing through a 20-ft circle about the target geometric center.
The probability of hit is determined by several factors. These in-

Fig. 1 Mission phases.

Fig. 2 System elements.

clude the target maneuver, the relativemaneuverabilityof the target
and missile, noises and biases on the missile instrument and seeker
measurements, the time constant of the missile airframe, the resid-
ual heading error from the midcourse phase, and the geometry of
the intercept set up at handover by the midcourse shaping. Except
for the target maneuver, these factors are in� uenced through the
midcourse trajectory shaping.

This paper optimizes the midcourse trajectory by the addition of
an auxiliaryconstrainton the value of the approachangle to the mid-
course trajectory design.The approachangle is de� ned at handover
as the angle from the launch inertial x axis to the line of sight from
the missile to thepredictedinterceptpoint (PIP). The approachangle
was usedas thegoverningparameterin generatinga � eldofoptimum
� rst-tier trajectories. Signi� cant differences in the midcourse shap-
ing may be required to achieve different approach angles. The ap-
proachangle affects the missile states at handoverincludingits posi-
tion, speed, andmaneuverability.The � rst tier includestheoptimiza-
tion algorithm and a two-degree-of-freedompoint mass trajectory
model. The second tier consists of a Monte Carlo terminal homing
model with two-degree-of-freedompoint mass dynamics and with
an approximate � rst-order transfer function for the pitch dynamics.
The second-tiermodel estimates the probabilityof hit of the missile.

The handoverconditionsforeachset of trajectoriesare inputto the
second-tier terminal model. The probability of hit is computed for
the handoverconditionsassociatedwith each value of the approach
angle constraint.Then the approach angle value that maximizes the
probability of hit is the optimal solution.

The terminal homing of guided missiles has been extensively
studied. The miss distances of missiles guided by proportionalnav-
igation due to target maneuvers, heading errors from midcourse
phasenavigationerrors,receivernoise, and radomeaberrationshave
been presented.1 ¡ 5 These efforts have yielded both numerical and
closed-form solutions. Reference 6 has presented useful results for
two target engagements. Reference 7 has examined the bene� ts of
modifying the handover geometry achieved by the midcourse guid-
ance to enhance the performance of terminal phase of an rf semi-
active missile against multiple targets. That work did not include
the midcourse phase performance penalties incurred to achieve the
desired handover conditions.

Missile Description
The missile consistsof two solid-propellantstages.A � rst booster

stage burns for 8.3 s and pitches the missile over from a vertical
launch to a selected � ight path angle. A constant-thrust (as mea-
sured at sea level) motor powers the second stage. The interceptor
is aerodynamicallycontrolled by tail � ns and includes a dorsal for
increased lift effectiveness. The mass and thrust properties of the
missile are given in Table 1.

Description of the First Tier
The � rst tier employs a two-degree-of-freedommodel with trim

aerodynamicscoupled to an optimizer algorithm. The simulation is
initialized at the end of the � rst stage and continues until the han-
dover to the terminal guidance. The � rst-tier optimizer selects the
� ight-path angle relative to the launch inertial frame at the end of
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Table 1 Missile description

Property Value

Length 216 in.
Diameter 12 in. (upper stage)

15 in. (� rst stage)
Launch weight 2,772 lb
First-stage burnout weight 1,772 lb
Second-stage initial weight 1,470 lb
Second-stage burnout weight 873 lb
First-stage sea level thrust 30,000 lb (const)
First-stage burn time 8.3 s
Second-stage sea level thrust 7,164 lb (const)
Second-stage burn time 20 s

Table 2 End-of-� rst-stage conditions

c I , deg x I , ft z I , ft VI , ft/s

0.0 8,828 5,137 2,517
10 8,513 6,335 2,631
20 8,002 7,508 2,735
30 7,296 8,622 2,827
40 6,404 9,638 2,907
50 5,345 10,523 2,973
60 4,142 11,246 3,026
70 2,827 11,781 3,064
80 1,434 12,110 3,087
90 0 12,221 3,094

Fig. 3 Coordinate de� nitions.

the � rst stage, the control history, and the handover time to maxi-
mize the � nal speci� c energy of the missile at the handover to the
terminal guidance phase of the � ight. The optimization is subject
to a number of constraints de� ned as part of the mission and the
auxiliary approach angle constraint.

The � rst-tier dynamics are restricted to a single plane with the
� ight over a spherical Earth. Figure 3 shows the relationship of the
launch inertial frame and its relationship to local altitude. The two
position state variable equations in the launch inertial frame are

Çx = V cos( c ), Çz = V sin( c ) (1)

The � rst-tier simulation is initializedat the end of the � rst stage.The
position state variables are initialized at the position at the end of
the � st tier. The values for the position and the missile velocity are
obtained by interpolationwith a cubic spline on the data in Table 2
as a functionof the selectedvalueof the end of � rst stage � ight-path
angle c I . Thus,

x(8.3) = x I , z(8.3) = z I (2)

The third state variable equation is for the speci� c energy of the
missile:

ÇE =
[T cos( a ) ¡ D]V

weight
(3)

The velocity of the missile is determined from the speci� c energy
of the missile and the local altitude such that

V = 2g0(E ¡ h loc) (4)

The value of the local altitude as de� ned in Fig. 3 is found assuming
a spherical Earth and using the two position states:

h loc = R2
e + x2 + z2 + 2Rez ¡ Re (5)

The initial value of the speci� c energy is obtained from

E I = V 2
I 2g0 + h loc I (6)

The � nal state is the � ight-path angle that is de� ned as the angle
of the missile velocity relative to the inertial launch frame x axis.
The state variable equation for the � ight-path angle is

Çc = Çc com (7)

The values of the commanded � ight-path angle rate history are
linearly interpolated in time between eight node points to yield the
commanded � ight-path angle rate. The � rst node is located at the
time of the end of the � rst stage � ight. The � nal node is located
at the handover time tho . The remaining nodes are evenly spaced
across the second stage � ight time from the end of the � rst stage to
the handover time. The commanded � ight-path angle rate is given
from linear interpolationby

Çc com = f ( Çc 1 , Çc 2 , . . . , Çc 8) (8)

The initialvalueof the � ight-pathangleat the initiationof the second
stage is obtained from the selected parameter control vector:

c (8.3) = c I (9)

There are � ve constraints applied to the � rst-tier optimization
problem. The � rst of these is the requirement that the missile’s
velocity vector be aligned with the selected approach angle at the
handover point. The approach angle constraint is not de� ned as an
elementof the originalproblembut is used as a governingparameter
to generatea � eld of optimal trajectories.This constraintis enforced
as an equality constraint on the handover � ight-path angle:

g1 = c ho ¡ h f (10)

The missile position and � ight path at the handover time of the
� rst-tier simulation, tho , must lie on a line emanating from the pre-
dicted intercept point along the selected approach angle. This re-
quirement is enforced by two equality constraints on the position
at handover. The handover to terminal guidance occurs when the
estimated time to go to the predicted intercept point equals 10 s.
The position constraints are de� ned as equality constraints and are
scaled by the normalization factor a norm1:

g2 =
xho ¡ [xPIP ¡ 10Vho cos(h f )]

a norm1

g3 =
zho ¡ [zPIP ¡ 10Vho sin(h f )]

a norm1

a norm1 = 3500 (11)

Two inequality constraints were imposed to satisfy the assump-
tions implicit in the trim aerodynamic model. The � rst of the in-
equality constraintsrestricts the minimum dynamic pressureduring
the � ight. For dynamic pressure values greater than this value, the
closed-loopairframe/autopilotis stable.The missile’s dynamicpres-
sure was not allowed to drop below a minimum of 120 lb/ft2. The
constraint is normalized by the variable a norm2 for proper numer-
ical scaling during the optimization process:

g4 =
qmin /120 ¡ 1

a norm2
, a norm2 = 100 (12)

The � nal constraint restricts the commanded � ight path angle
rate so that the resulting commanded load factors do not exceed the
vehicle’s capability.The maximum lift coef� cient is determined by
the missile trim lift coef� cient resulting at the maximum angle of
attack of 25 deg. This constraint is enforced through an integral-
square penalty inequality constraint.8 The implementation of this
constraint is now presented.
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The commanded missile external speci� c force along the z wind
axis must include a gravity bias:

azW = V Çc com + gzW (13)

The wind frame is de� ned in Fig. 3. The resulting lift coef� cient is
given by

CL =
azW weight

qSref g0

(14)

The violation is given by

D CL = CL ¡ 0.95CL max (15)

The constraint on the maximum lift coef� cient is implemented so
that the average violation is less than a value of 0.02:

g5 = 1 ¡
tho

8.3
ÇE2 dt

0.02(tho ¡ 8.3)
, ÇE2 = D C2

L if D CL ¸ 0

ÇE2 = 0 if D CL < 0 (16)

The � rst-tier optimization problems consisted of selecting the
elements of the control vector that maximized the � rst-tier perfor-
mance index. The parameters available for optimization include the
endof the � rst stage � ight-pathangle c I relativeto the launch inertial
x axis, the � ight-path angle rates ( Çc 1, Çc 2, . . . , Çc 8) at eight time node
points,and the time of � ight to the handoverto terminalguidance tho.
For the tiered approach,the � rst-tierperformanceindex must be one
that has a functional relationship to the probability of hit. Analysis
with the second-tier Monte Carlo terminal phase model indicated
that the probability of hit monotonically increases with the missile
speci� c energy at handover when all other states are held constant.

The � rst-tier optimizationproblem is to select the control vector:

uT = ( c I , Çc 1, Çc 2, Çc 3, Çc 4 , Çc 5 , Çc 6 , Çc 7 , Çc 8, tho) (17)

to maximize the performance index de� ned at the handover time,

J = E(tho) = V 2
ho 2g0 + hloc ho (18)

This solution is subject to the � ve constraints. The equality con-
straints are enforced as

gi = 0 (19)

Equations (10) and (11) de� ne the three equality constraints. The
two inequality constraints are implemented in the form

gi ¸ 0 (20)

Equations (12) and (13) de� ne the two inequality constraints.
Many numerical procedures exist to solve parameter optimiza-

tion problems.The simplest proceduresare the gradientor steepest-
descent techniques.Second-ordermethods are also available to im-
prove the rate of convergence, for example, the Newton–Raphson
iteration,which requiresthe evaluationof theHessianmatrix.Quasi-
Newton or variable-metric methods avoid the evaluation of the
Hessian matrix by using iterative evaluation of � rst-order infor-
mation to approximate the Hessian matrix. One such quasi-Newton
method, the Broyden–Fletcher–Goldfarb–Shanno procedure, is im-
plemented with constraint projection.8

Description of the Second Tier
The second-tiermodel is a MonteCarlo simulationthatmodels the

rf seeker noise, random target maneuvers, and the missile response.
The missile is modeledas a two-degreepointmasswith an additional
degreeof freedomapproximatingthe pitchdynamicsas a � rst-order
system. The missile includes an additional state variable for the
seeker head dynamics and a � rst-order � lter for the measured target
boresight angles. The missile’s roll motion is not modeled, but the
body roll position is assumed constant. The target is modeled as a
two-dimensional point mass and undergoes maneuvers in the pitch
plane. Both the missile and the target are restricted to a plane above
a spherical Earth.

Second-Tier Dynamics
The planar dynamics of the second-tier model also include two

position states and two velocity states. The two position states are

Çx = V cos( c ), Çz = V sin( c ) (21)

The values of the x and z are initializedby the handovervalues from
the � rst-tier simulation:

x(tho) = xho , z(tho) = zho (22)

The second-tier velocity dynamics are computed directly from
the missile speci� c forces:

ÇV = ax B sin( a ) ¡ az B cos( a ) + gxW (23)

These speci� c forces are presented in the body frame as de� ned in
Fig. 3. The velocitymagnitudeat handover from the � rst-tier model
initializes this state for the second-tier model:

V (tho) = Vho (24)

The � ight-path angle rate relative to the launch inertial frame is
given by

Çc = [ax B sin( a ) + az B cos( a ) + gzW ]/ V (25)

The � ight-pathangle is initializedat thevalueof the � ight-pathangle
at handover from the � rst-tiermodel combinedwith an uncontrolled
variation representing the noise sources during the � rst tier:

c (tho) = c ho + g c (26)

The component of external speci� c force along the missile body
frame x axis is derived from the axial force coef� cient:

ax B = ¡ q SrefC A / m (27)

The axial force coef� cient is computed as a function of the current
angle of attack, Mach number, and the altitude. Appendix A de-
scribes the calculationof the axial force coef� cient and the angle of
attack.

The valueof thespeci� c externalforcesnormalto themissilebody
is determined from the approximate model of the pitch dynamics.
The state variable equation is

Çaz B = (ac ¡ az B ) / s A (28)

The value of the autopilot/airframe time constant s A is scheduled
during the � ight to maintain stabilityof the airframe in the presence
of the radome boresight error slope. The scheduling process is pre-
sented in AppendixB. The initial value of az B is set based on the last
value of the � ight-path angle rate control vector from the � rst-tier
trajectory:

az B(tho) = Vho Çc 8 + gzW (tho) (29)

The seekerhead dynamicsare approximatedas a � rst-order lag in
response to the measured boresight angle of the target. The seeker
head rate then becomes

Çh s = e meas / s s (30)

The seeker head time constant for this analysis was set at

s s = 0.25 s (31)

The head rates are measuredat 50 Hz and are then passed through
a digital � rst-order � lter:

ˆÇn i = ˆÇn i ¡ 1 + a N ( Çh s ¡ ˆÇn i ¡ 1) (32)

The noise � lter gain is adaptively set during the � ight so that the
expected level of noise on the line-of-sight measurement (due to
range-dependent noise and the target glint) does not induce com-
manded accelerationsgreater than one-half of the maximum lateral
acceleration of the airframe. The initial value for the � ltered head
rate is set at handover:

ˆÇn tho
= ˆÇn 1 = 0 (33)

The second-tier simulation includes target dynamics. The target
is modeled as cruisingat a constantspeed at a constant local altitude
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unless it is maneuvering.The target is modeled as having a constant
speed regardlessof maneuver.The maneuveraccelerationis applied
normal to the current target velocityvector. The target state variable
equations are

ÇxT = VT cos( c T ), ÇzT = VT sin( c T ), Çc T = aT / VT + Ç̃c

(34)

The initial position of the target corresponds to a vehicle cruising at
3000 ft/s with 10 s time to go to the PIP:

xT (tho) = 220531.0 ft, zT (tho) = 48841.0 ft

c T (tho) = 0.01 rad (35)

The terminal guidance algorithmprovides the control of the mis-
sile trajectory during the second tier. The algorithmconsists of pro-
portionalnavigationusingthe � lteredseekerheadrates from thedig-
ital � rst-order � lter. The commanded speci� c external force along
the missile body frame is given by

ac = Kg
ˆÇn + abo + g0 cos(h M ) (36)

The navigation gain Kg is de� ned as

Kg = ¡ 4
ÇRmt

cos(h M ¡ h S )
(37)

The missile-to-targetrange rate ÇRmt is given by

ÇRmt =
Vmt ¢ Rmt

Rmt

(38)

The second term in Eq. (36) is a slowdown compensation term that
corrects for guidance for the expected speed loss after the rocket
motor burns out. The � nal term in Eq. (36) represents a gravity bias
term expressed in terms of a body-� xed accelerometer implemen-
tation.

Second-Tier Noise Modeling
The second-tiermodel uses Monte Carlo techniquesto determine

the probability of hit. A number of noise sources are added to the
simulation. These sources include errors on the measured boresight
angle of the target due to glint, range-dependentreceiver noise, and
the uncompensatedradome boresighterror slope. Noises during the
� rst tier are rolled up into a noise on the handover � ight-path angle.

The measured boresight angle of the target is corrupted from the
true value by noise. Then

e meas = h T ¡ h s + g glt + g rd + g bs (39)

Should the magnitudeof the gimbal angle exceed the limit of 45 deg,
the seeker head rate is set to zero. The gimbal angle of the seeker is
given by

k = h S ¡ h M (40)

The value of the range-dependent noise induced error g rd is de-
termined from a zero mean white noise process with a standard
deviation given by

r rd = 0.077
p

SNR (41)

The signal-to-noise ratio (SNR) is a function of the radar cross
section (RCS) of the target, the illumination power of the surface
radar, and the interceptgeometry.For this analysis, the SNR is given
by

SNR =
(2.0 £ 1021)RCS K ( b )

R2
mt + R2

ST

(42)

The monostatic RCS is given by

RCS = 10.75 ft2 (43)

Fig. 4 Bistatic angle.

Fig. 5 Bistatic angle factor.

The bistatic RCS factor K determines the effective reduction in the
monostatic RCS, as a function of the bistatic angle as de� ned in
Fig. 4. The assumed bistatic RCS factor as a function of the bistatic
angle is given in Fig. 5. The radar for used for the semiactive illu-
mination during the terminal guidance is located on the � re control
platform at the origin of the launch inertial frame. The range from
� re control platform to target is given by

RST = x2
T + z2

T (44)

During operation of the onboard rf seeker, refraction of the elec-
tromagnetic rays entering the missile radome cause the measured
line-of-sightangle to the target to be in error proportionalto the look
angle between the true line of sight and the missile body axis. The
uncompensated radome boresight error slope produces a boresight
error of

g bs = rbes(h T ¡ h m) (45)

For each iterationof the second-tiermodel the radomeerror slope
was drawn from a uniform distribution across a 0.08 deg/deg band
with mean of zero.

The value of the target glint induced boresight error g glt is deter-
mined by a zero mean white noise process. The standard deviation
of the glint varied with viewing aspectof the targetwith a maximum
value of 10 ft at an aspect angle of 90 deg:

r glt =
10 sin( u )

Rmt

(46)

Noise in the command midcourse phase from targeting and mis-
sile navigationerrors is modeled as an uncontrolledvariation on the
handover � ght-path angle used the initialize the second-tier model.
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The value of the � ight-path angle variation at handover, g c , is de-
termined from a zero mean Gaussian distribution with a standard
deviation of

r he = 2.0 deg (47)

Results
During themidcoursephase,theguidance� ies themissile toa PIP.

The midcourse trajectory was optimized using the tiered approach
for a PIP located at launch inertial frame coordinates of (190,453,
49,132), which correspond to a range along the Earth’s surface of
190,000 ft from the launch point and a local altitude of 50,000 ft.
First, the trajectories are examined against a stationary target and
PIP in the absenceof targetingerrors.Then the trajectoriesagainst a
target maneuver after the initiation of the terminal phase are consid-
ered without system errors. The optimal approach angles are then
determinedunder a varietyof targetmaneuverswhen the full system
errors are considered.

A set of candidate optimal trajectories was created for approach
angleconstraintvalues from ¡ 30 to 90 deg. Steeper divingapproach
angleswere not possiblebecauseof the constraintson the maximum
lift coef� cient for the airframethatwere enforcedduring the � rst-tier
optimization. Figure 6 shows the resulting midcourse trajectories
from the � rst-tier optimization through the termination of the � rst-
tier trajectoryat thehandoverpoint.As theapproachangleconstraint
value increases, the solution changes from the parabolic trajectory
typical of maximum � nal velocity trajectories to the up-and-under
trajectory shape. Figure 7 gives the optimizer-selectedvalues of the
� ight-path angle at the end of the � rst stage. Sample histories of the
optimized commanded � ight-path angle rates are given in Fig. 8 for
three approach angles. Table 3 shows the optimized time of � ight
to handover, the resulting handover positions in the launch inertial
frame, and the resultingvelocityat handoverpoint for the11 feasible
� rst-tier trajectories.

Several things are noted from Fig. 6. First, the distance between
the end of the midcourse trajectory and the PIP decreasesas the ap-

Fig. 6 First-tier (midcourse) optimal trajectories.

Fig. 7 Optimal end of � rst-stage � ight-path angles.

Table 3 Handover conditions from tier 1

Time of
h f , deg � ight, s Xho , ft Zho, ft Vho , ft/s

¡ 30 51.61 157,744 68,016 3,775
¡ 20 45.84 148,397 64,439 4,474
¡ 10 42.63 142,340 57,616 4,884
0 42.32 143,303 49,133 4,713
10 43.96 149,469 41,906 4,160
20 46.37 156,675 36,840 3,593
30 48.94 163,584 33,621 3,101
40 51.40 169,832 31,832 2,691
50 53.71 175,342 31,125 2,350
70 58.01 184,213 31,991 1,824
90 62.22 190,455 34,902 1,422

Fig. 8 Optimal commanded � ight-path angle rate histories.

Fig. 9 Nominal second-tier trajectories to stationary PIP.

proach angle increases and the handover speed decreases. Second,
all of the trajectorieshave peak apogees that are higher than the � nal
altitude. To conserve energy during the trajectory, it is necessary to
get as high into the atmosphere as possible to reduce the form drag.
This must be balancedoff against the resulting maneuver drag asso-
ciatedwith the harder turn for the higherapogee.The trajectoriesfor
the steeper positive approachangles have apogeeshigher than those
for the shallower approach angles because the handover geometry
places them in the lower atmosphere where the maneuver drag is
decreased.

The handover states in Table 3 are used to initialize the second-
tier terminal phase model. The second-tierphase of the trajectories
associated with the nominal � yout to the stationary PIP without
error sources are shown in Fig. 9. The � nal and handover velocities
associatedwith the nominal � ights to the stationaryPIP are shownin
Fig. 10. The plot indicates that an approach angle of approximately
¡ 10 deg maximizes both the handover and � nal speed. Although
this approach angle maximizes the � nal speed, the results against
the dynamic second-tiertarget will show that this approachdoes not
necessarily maximize the overall system performance.

The second-tier trajectories against the 2-g maneuvering target
in the absence of targeting errors are shown in Fig. 11. Here the
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Fig. 10 Velocities against stationary PIP.

Fig. 11 Trajectories against maneuvering target.

Fig. 12 Gimbal history against maneuvering target.

target maneuver begins at the handover time. Unlike the static PIP
target, the intercepts points vary along the target trajectory. The
intercept launch inertial x positionsvary over approximately400 ft,
with the ¡ 30-deg approach angle interceptingat the greatest range.
As the approach angle becomes more positive, the intercept launch
inertial x positiondecreasesuntil an approachangle of +10 deg. As
the approach angle becomes steeper, the intercept position moves
toward greater values of the launch inertial x position. Against the
dynamic target, intercepts greater 40 deg are not possible because
the speed of the target requires gimbal angles in excess of 45 deg.

The gimbal angles associated with the feasible intercepts are
shown in Fig. 12. The gimbal angle magnitudes are greatest at the
beginning of the terminal homing phase and are greatest for the
two extreme approach angles of ¡ 30 and +40 deg. For the diving

Fig. 13 Deterministic miss against maneuvering target.

Fig. 14 Stochastic performance with nonmaneuvering target.

approach angles (negative values), the gimbal angle magnitude
reaches a minimum early in the second-tier trajectory and then in-
creases as the time to go to the intercept decreases.

The deterministicmiss distancevalues against the 2-g diving tar-
get maneuver initiatedat handoverare shown in Fig. 13. The target-
ing error sources in the second-tierMonte Carlo modeling have not
been included in this analysis. A positive approach angle between
+10 and +20 deg minimizes the miss distance against the target.
This result stands in contrast to the approach angle of ¡ 10 deg that
maximizes the � nal and handovermissile speeds.These results indi-
cate that a simple relationship between missile speed and terminal
homing performance does not exist. While the positive approach
angle sacri� ces speed at handover, the lower altitude at handover
provides greater atmospheric density that serves to compensate for
the reducedspeed in termsof dynamicpressureand resultantmissile
maneuverability.

The next step in the analysis is to activate all of the error sources
for the second tier simulation. These include 1) radome boresight
error, 2) range-dependentnoise on the rf semiactive seeker, 3) glint
angular noise off of the target, and 4) the heading error at handover.
The Monte Carlo analysis used 500 trials in determining the prob-
ability of hit. The results against the nonmaneuvering target are
shown in Fig. 14. The error bars in Fig. 14 indicate the 90% con-
� dence interval. Here the target maintains a constant altitude at a
velocity of 3000 ft/s. As the approach angle steepens, the probabil-
ity of hit increases. The performance is maximized at an approach
angleof +30 deg. For larger approachangles, the gimbal angle limit
becomes active and destroys the homing performance.

The bene� t of the steeper approach angle derives from the con-
tribution of the range-dependent receiver noise to the � nal miss
distance. In the absence of target maneuver, the glint, the boresight
error effects, and the range-dependent noise drive the miss. The
steeper approach angles have lower closing velocity values than the
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Fig. 15 Stochastic performance with target maneuvers.

0-deg approach angle. The lower closing velocities lessen the im-
pact of receiver noise on the miss distance. The steeper climbing
approach angle trajectories have longer time constants at the end
of the � ight as compared to the diving approach angles. The longer
time constants increase the impact of receiver noise while decreas-
ing the effect of radome boresighterror slopeand targetglint.These
con� icting trends must be resolved through numerical simulation.

The impact of target maneuver is now consideredfor the stochas-
tic scenario. Once again, a 2-g target pulldown is considered.
Figure 15 shows the probability of hit results for three target ma-
neuver times. One is at the initiation of the terminal homing phase
(Tman =0 s). This represents a pulldown to engage a surface point.
For this maneuver, the probability of hit is maximized for an ap-
proach angle of +20 deg. Here performance is maximized by the
use of the steeper climbing trajectories,which provide smaller time
constants during the initiation of the maneuver and which provide
greater interceptor divert capability because of the higher dynamic
pressure values present during the � rst half of the terminal phase.
Because of the long time of the target maneuver for this case, this
additional divert capability in the interceptor is important.

For a maneuver starting during the middle of the terminal hom-
ing phase (Tman = 5 s), the probability of hit is maximized for an
approach angle of 0 deg. Performance against this maneuver is op-
timized by a trajectory that balances the initial time constant and
dynamic pressure with their respective values near the end of the
terminal homing phase.

Finally, the late maneuver (Tman =8 s) is considered.For this case,
the ¡ 10-deg approach angle trajectory maximizes the probability
of hit, which is also the approach angle that maximizes the missile
velocityat the intercept.This trajectoryhasgreaterdynamicpressure
availableat the end of the trajectory when the maneuver is initiated.
Because the maneuver time of the target is limited the need for total
divert capability of the interceptor is diminished.

Conclusions
A method was presented whereby the midcourse trajectory of a

surface-to-airmissile was optimized to maximize the probabilityof
hit against the target. A two-tier approach to the design was used.
The � rst tier representedthe midcoursetrajectoryof the missile, and
the second phase represented the terminal homing phase. The � rst-
tier trajectory was optimized with an auxiliary constraint beyond
the constraints native to the problem. The auxiliary constraint was
de� ned as an equality constraint on the value of the approach angle
to the intercept at handover to the terminal phase. The handover
approach angle was used as the governing parameter in generating
a � eld of optimum � rst-tier midcourse trajectories. The second-
tier model was used to estimate the probability of hit with a full
suite of error sources on the seeker and missile system. The � rst-
tier trajectory and its associatedapproach angle that maximized the
probability of hit were selected as the best choice for maximizing
the � nal end-to-end performance.

The optimal approach angle was not necessarily the value that
maximized the � nal velocity at intercept. The optimal value is de-

termined by the type and magnitude of errors present in the missile
and by the assumed target behavior. Against the nonmaneuvering
target, the +30-degapproachanglewas foundto beoptimal.Against
the target that performs a 2-g pulldown, the optimal approach angle
varied from +20 to ¡ 10 deg as the initiation time of the maneuver
was delayed.

The method presented demonstrates connectivity between the
midcourse trajectory design and the terminal homing guidance per-
formance. Improvedperformancemay be possibleby a method that
allows terminal homing performance measures of effectiveness in
the midcoursetrajectoryoptimization.The auxiliaryapproachangle
constraint presented provides one such approach.

Appendix A: Thrust and Aerodynamic Models
For both tiers, the thrust is computed by

T = Tsl + Ae( p ¡ psl), Ae = 0.2453 ft2 (A1)

The weight varies linearly in time during the second stage motor
burn between the initial value of the second stage of the missile and
its burnout weight as given in Table 1.

In the � rst-tier simulation/optimization model, maintaining
smoothness in the aerodynamic evaluation is paramount. The aero-
dynamics are modeled with a drag polar of the form

CD = CD0 + K C2
L (A2)

The data for the drag polar are interpolated in Mach number by
the use of a cubic spline through the data given in Table A1. In the
� rst-tier model during the motor burn, the value of CD0 is reduced
by 0.15 forMach numbers less than or equal to 4.0 and 0.1 for higher
Mach numbers.

The following relation estimates the angle of attack:

a = (CL / CL max) a max (A3)

The maximum angle of attack is 25 deg for both tiers. In the � rst
tier, the maximum lift coef� cient is applied as a constraint during
the trajectory optimization as indicated in Eq. (16). A cubic spline
is � t through the data in Table A2 to allow interpolation in Mach
number.

Table A1 First-tier trim
aerodynamic model

Mach
number CD0 K

0.0 0.64 0.071
0.8 0.70 0.065
0.9 0.86 0.062
1.1 1.05 0.053
1.2 1.10 0.051
1.3 1.12 0.050
1.5 0.93 0.051
2.0 0.77 0.057
3.0 0.57 0.071
5.0 0.39 0.080
6.0 0.30 0.085

Table A2 First-tier maximum
lift coef� cient

Mach number CL max

0.0 6.6
0.9 7.4
1.3 9.4
1.5 9.2
2.0 8.2
3.0 6.5
5.0 5.8
6.0 5.5
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Without the requirementof smoothness in the second-tiermodel,
creation of a higher � delity aerodynamic modeling is easily ac-
complished. The axial force coef� cient is created by a component
buildup approach:

C A = CD0 ¡ D CDB + D CDh + D CDA (A4)

The zero-lift axial coef� cient value at sea level (after motor
burnout) is determined by linear interpolation in Mach number on
the CD0 data in Table A1. The base drag reduction term D CDB is
zero after motor burnout. When the motor is burning, the data in
Fig. A1 are linearly interpolated with respect to Mach number.

An increment is added to re� ect the greater viscous drag effects
at higher altitudes as a function of the Mach number and the alti-
tude. The data in Figs. A2 and A3 are linearly interpolated in Mach
number and altitude to compute the increment.

The increased angle of attack results in changes in the axial coef-
� cient. This increment is computed by linear interpolated of Mach
number and angle of attack from the data in Figs. A4 and A5.

Fig. A1 Base drag reduction coef� cients.

Fig. A2 Altitude axial coef� cient increments (low Mach).

Fig. A3 Altitude axial coef� cient increments (high Mach).

Fig. A4 Angle-of-attack axial coef� cient increments (low Mach).

Fig. A5 Angle-of-attack axial coef� cient increments (high Mach).

Fig. A6 Trim angle-of-attack values (low Mach).

The angle of attack used for the axial force coef� cient computa-
tions is a function of the speci� c force along the body z axis from
the � rst-order airframe model:

CN = az B /q Sref (A5)

The angle of attack associated with this normal force coef� cient
is computed through linear interpolation on trim aerodynamic data
in terms of the normal coef� cient and the Mach number. The data
are presented in Figs. A6 and A7. In the second-tier simulation,
the data in maximum normal force coef� cient is interpolated as a
function of Mach number and applied as a limit to the achieved
normal force coef� cient. The numerical values of the maximum
normal force coef� cient may be obtained from Figs. A6 and A7 for
the maximum allowable angle of attack of 25 deg.
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Fig. A7 Trim angle-of-attack values (high Mach).

Appendix B: Autopilot/Airframe
Time Constant Scheduling

The autopilot/airframe time constant is scheduled as a function
of the � ight conditions. The minimum autopilot time constant is
determinedby ensuring the stability of the missile-normal-speci�c-
force to target line-of-sight-ratetransfer function in the presence of
radome boresight error slope. The transfer function is given as

az B

ˆÇn
=

Kg

A3s3 + A2s2 + A1s + A0
, A3 = s A + s N + s S

A2 = s A s N + s A s S + s N s S , A1 = s A + s N + s S + K0rbes s q

A0 = 1 + K0rbes , s N =
d t

log(1 ¡ a N )

s q =
mV

qSrefCN a

, K0 =
Kg

V
(B1)

The stability of the transfer function in Eq. (B1) is controlled by
solving for the value of s A that allows the denominator to satisfy
Routh’s criterion. The value of rbes is set at the worst-case speci� ed
value of ¡ 0.08. The value of CN a used in Eq. (B1) is the local slope
as determined by numerical differentiation of the data in Figs. A6
and A7 over a small step in angle of attack for the current Mach
number. Application of Routh’s criterion leads to the following re-
quirement:

A2 A1 ¡ A3 A0 > 0 (B2)

This approach yields a quadratic equation in s A . This algorithm
is computed throughout the terminal homing engagement to adap-

tively set the autopilot time constant. In an approximate sense, the
requirement on the autopilot time constant may be expressed as

s A > ¡ s s ¡ s N ¡ K0rbes s q (B3)

For negative values of rbes , there will be a minimum value of the
autopilot time constant to ensure stability. At high altitudes, where
s q can grow to large values, the effective time constant can grow
large to ensure stability in the presence of radome boresight error
slope.

The autopilot time constant determined from Eq. (B2) is sub-
ject to an additional minimum value as a function of the dynamic
pressure. This constraint represents the limit of performance given
the speci� ed actuator bandwidth and desired operating range. This
dynamic pressure scheduling is given by

s Amin = 10q0.2 (B4)
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